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Abstract. In this paper we give one extension of Barrow's type inequality in the plane of the 
triangle ISABC introduce signed angle bisectors. 



r~! ■ 1. Introduction 

Let triangle A ABC be given in Euclidean plane. Denote by R^, Rg and Re the 
distances from the arbitrary point M in the plane of A ABC to the vertices A, B and C 
respectively, and denote by ia = \MA' \, ib = \MB' \ and 4 = \MC' \ the length of angle 
Cn ■ bisectors of /.BMC, ZCMA and ZAMB from the point M respectively (Fig. 1). 

>Q ■ Barrow's inequality 121: 

^i RA+RB+Rc>2{ia+eb+ec) (1) 

p 

._il . is true when M is arbitrary point in the interior of triangle A ABC . The equality holds 

f^ ■ iff triangle ABC is equilateral and point M is its circumcenter In this paper we consider 

CO ■ a Barrow's type inequality when M is arbitrary point in the plane of the triangle 

AABC introduce signed angle bisectors. Let us notice that inequalities with angle 

bisectors recently ai-e considered in papers |[T|, IS, Q, ifTSl . 

X: 




Figure 1: Barrow's inequality (point M into AABC) 
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Inequality of Erdos-Mordell H: 

Ra+Rb + Rc>2 (r„ + n, + r,) (2) 

is aconsequenceofinequality of Barrow, where r^, r/, and r^ are distances of interior 
point M of triangle to the sides BC, CA and AB respectively. 

Let us notice that topic of the Erdos-Mordell inequality is current, as it has 
been shown in recent papers. V. Pambuccian proved that, in the plane of absolute 
geometry, the Erdos-Mordell inequality is an equivalent to non-positive curvature 
lfT2l . In the paper [111 is given an extension of the Erdos-Mordell inequality on the 
interior of the Erdos-Mordell curve. In relation to the Erdos-Mordell inequal- 
ity N. Dergiades in the paper L3J proved one extension of the Erdos-Mordell 
type inequality 

/c b\ I /c a\ , (a h\ , 

/^.+/^.+/^c>(^+-j.:,+(-+-).;.+(^+-j.:: o) 

where r^ , r^ and r^. are signed distances of arbitrary point M in the plane triangle to 
the sides BC , CA and AB respectively. 

2. The Main Results 

Proof of Barrow's inequality in the paper of Z. Lu ifTOl is based on the next 
theorem. 

Statement 1 . Let p, q, r >0 and a + j3 + y = TT. Then we have the inequality 

p + q + r> lyfqr cos a +2^/pr cos^ +2y/pqcosy. (4) 

Peculiarity of Barrow's and Lu's proofs are, that is, primarily algebraic. In Lu's 
proof, Barrow's inequality follows from positivity of quadratic function / [x) = x^ — 
2 (-^7 cos j3 + ^ cos y^x + q + r — l^fqr cos a in the point x = ^/p with an appropriate 
geometric interpretation for p, q, r and a, jS, y (for details see 1,10,1 ). 

In this paper we also give one algebraic proof with geometric interpretation for 
points outside of the triangle A ABC. The following theorems are true. 

Statement 2. Let p, q, r >0 and a = p + y. Then we have the inequality 

p + q + r> —l^/qrcosa +2-^/p?cosj3 +2^/pqcosy. (5) 

Proof. Let us consider the quadratic function 

g (x) ~ x^ — 2 (^y/r cos j3 + y/q cos y)x + q + r + 2y/qr cos a. (6) 

Then a quarter of the discriminant is 

1 2 

-5 = (V'"cos/3 + Y^cosy) - (^ + r + 2i/^cosa). (7) 



Based on a = j3 + 7 we have cos a = cos (j8 + 7) = cos j3 cos 7 — sin j3 sin 7 and hence 

-rS — rcos^jS +^cos^7+2y^cosj3cos7— ^ — r — 2.y/?^cosa 

= rcos^jS +(7Cos^7+2y/?^cosj3cos7— ^ — r — 2y/?^cos(j3 + 7) 
= — rsin j3 — (^sin 7+2Y/r^cosj3cos7— 2y/7^cosj3cos7+2Y/F^sinj3sin7. 
Using previous identity we obtained 

5 = -4(\/rsinj3 -^sin7) < 0, 
hence g{x) > 0. Finally, letting x — ^ we obtained (HJ. D 

Remark 1 . Let us emphasize that for term A ^ p + q + r + 2^/qP cos a — l^fpr 
cosj3 — l^fpq cos 7, when y — a — j3 , follows inequality 

A = (-/r— y^cosjS + Y^cosa) + (y^sinjS — y^sina) > 0, 

analogously using the Lagrange's complete square identity from ISl, ||9l. Therefore 
we have second proof of inequality (|5]). 

Statement 3. Let p, q, r>0 and a = j3 + 7. Then we have the inequality 

p + q + r>2,/qr cos a —l^/prcosji —l^/pqcosy. (8) 

Proof. Let us consider the term A = p + q + r — 2y^cosa + 2y/prcosl5 +2y/pq 
cos 7, for 7 = a — j3 . Notice that for the term A , by the Lagrange's complete square 
identity, the following two representations are true. 

K 

1°. If — < a < 71, then cos a < 0, and therefore 

2 ~ 

A = (\/'"+\/pcosj3 + ^cosa) + (^sin/3 + ^sina)^-4^/^cosa >0. (9) 

2? If < a < — , then cos a > 0. From a~j5 + Y follows cos j3 > 0, and therefore 

A= [^/r-^cosj5-^cosa) +(^sinj3+^sina)^+4^/pr cosj3 >0. D (10) 

Let us introduce the division of the plane of triangle A ABC to following areas 
Ao = (+,+,+), Xi = (-,+,+), A2 = (+,-,+), h = (+,+,-), h = (+,-,-), 
A5 = (—,+,— ), Ag = (—, — ,+), (Fig. 2), via signes of homogenous barycentric coor- 
dinates of a point as given in the paper [ 14] (see also the Section 7.2 in ||5l) . Then Ao is 
the interior area of the triangle AABC. Let us notice that (AqU Ai) U (BC) is the inte- 
rior area of the angle ZA, and A4 is the interior area of the opposite angle. Analogously 
(Ao U A2) U (AC) is the interior area of the angle ZB, Ag is the interior area of the op- 
posite angle and (Aq U A3) U (AB) is the interior area of the angle ZC, Ae is the interior 
area of the opposite angle. 




Figure 2: The division of the plane by 
the sidelines of the triangle A ABC 

The following auxiliary statement is true. 

Lemma 0. Let B and C be fixed points in the plane and let M be arbitrary point 
in the plane. For £ length of angle bisector of ABMC from point M following formulas 
are true : 

2RbRc 



COS 

Rb+Rc 2 



^/RjjRc 



{RB+Rcy-\BC\^ 



(11) 



Rb +Rc 

where Rg = \MB\, Re = \MC\ and au = Z.BMC. Especially, for J) line throughout 

points B and C is true : 

Me[BC], 




= < 2RbRc 



Rb + Rc 



Me"p\[BC]. 



(12) 



In further considerations let p — Ra, q — Rb, r — Rc- Then, Z. Lu, in the paper 
ifTOl . proved the following Barrow's type inequality. 



Theorem 0. flO) In the area Ao the following inequality is true: 



Ra 



Rb+Rc > 



in 



4- 



4. (13) 



/Rb \/Rc J \v^A v^c / \v^B vRa 

Remark 2. Barrow's inequality is a consequence of the previous inequality. 
From previous Lemma follows next auxiliary statement. 
Lemma 1. (i) IfM^A, i.e. Ra^O then: 



Rb + Rc> 
(ii) IfM = B,i.e. Rb = then: 

Ra+Rc> 
(iiijlf M = C, i.e. Rc = then: 

Ra+Rb> 



T^ 
^ 



Ra 
'Ri 






4. 



4. 



(14) 



(15) 



(16) 



Denote with cl closure of a plane set. The following theorem is true. 
Theorem 1. In the area cl(Ai)\{B,C} the following inequality is true: 



Ra+Rb+Rc> 



^C , V^^B \(_f} \ I ( V^ I V^A \e , f Vl^A , \/^B 



Rb \/Rc 



Ra V^c 



it- 



Rb VRa 



4. (17) 



Proof. LetMecl(Ai)\{B,C},thenaM = j3M + 7Mi.e. ■y- = ^ + ^(Fig.3). 




Figure 3: Extension of the Barrow's inequality 
for the point Med {Xi)\{B,C} 

Based on the Statement|2] the following inequality holds 



«M 



7m 



Ra+Rb+Rc >-2VR^ COS ^+2^/r^ COS !^+2VrIR^ COS ^ (18) 

and based on the Lemma|0]from previous inequality we obtained 
Rr-\-Rc Ra ^ Rr Ra^Rb 

Ra + Rb + Rc> — ^=^ 4+ L-^ 4 + 4==^ 4 



\/RbRc 



\RaRc 



vRaRb 



S+®'-«+(^+©^'K^^©^'-° 



(19) 



Next two theorems are direct consequence of the Statement |2]by following cyclic 
replacements Um >-^ ^m, Pm >-^ Ym, Ym >-^ ocm and Ra >-^ Rb, Rb >-^ Rc, Rc '-^ Ra 
respectively. 

Theorem 2. In the area cl(A2) \{A,C} the following inequality is true: 



Ra+Rb+Rc> 



Rb \fRc 



4- 



Re I vRb \ I i \fRc I -JRa \i_i] \ 1 I v^ I v^ 



Ra VRc 



Rb VRa 



4. (20) 



Theorems. In the area cV {Xt,)\{A^B} the following inequality is true : 



RA + RB+Rc>\^ + ^Ua + 



4- 



Rb v^a 



Rb VRc 
The following theorem is true. 
Theorem 4. In the area X4 the following inequality is true: 



(-4). (21) 



Ra+Rb+Rc > 



\fRc , VRb 



Rb vRc 



VRc I VRa 



(-4)- 



Ra , VRb 



Rb VRa 



(-4). (22) 



Proof. Let M e A4 , then Um = I^m + Ym i-e. — = 1 . Based on the State- 

ment[3]the following inequality is true 



Ra+Rb + Rc> 2^/RbRc cos ^ -I^RaRc cos ^ - 2^/RaRb cos 



2 



Substitutions 



4=1 MA' 1=2-^^^ cos 
' ' Rb + Rc 2 

4=|MB'h2-^^i^cos 



2 

OCm_ 

2 ' 

2 ' 
Ym 



Ym 
2 ' 



in ( l23T l give 



/?a+-Rb+/?c> 



Rb + Rc 



vRbRc vRaRc 

Re , \/^ 



4-|MC'|=2-^^^cos , 



^A + ^c p _ Ra+Rb „ 



(23) 

(24) 
(25) 
(26) 



^B \/^ 



\/RaRb 



VRc , \/^ V c \ , (VRa , VRb 



Ra VRc 



(-4)+P^+ 



Rb VRa 



(27) 



(-4).n 



Next two theorems are direct consequence of the Statement [3]by following cyclic 
replacements Um ^^ ^m, I^m ^ Ym, Ym >-^ OiM and Ra >-^ Rb, Rb >-^ Rc, Rc '-^ Ra 
respectively. 

Theorem 5. In the area A5 the following inequality is true: 



RA+RB+Rc>{^+^\-ia)+r^+^]ib+r^+^ )(-4). (28) 



/Rb VRc J^ "' \VRa VRc ) \VRb VRa 
Theorem 6. In the area Ag the following inequality is true: 



RA+RB+Rc>{^+^\-ia)+^ + ^]{-et)+(^ + ^ )4. (29) 



v^^ VRc 



v~ra vrc 



^ VR^ 



Now, we give definition of the signed angle bisector for the point M in the plane of 
the triangle A ABC. Let be A fixed vertex and let p be line through vertices B and C. 
Denote d~\MAi\ distance of the point M to the Hne p and let I— \MA'\ be length of 
the bisector of the angle ZBMC. If d' be signed distance of the point M to the line 
p related to the vertex A lfT3l (p. 308.), then d' = +d if M and A with same side of 
line p , otherwise c/' = —d . Let us define signed angle bisector £' analogously ^' = +£ 
if M and A with same side of Hne p, otherwise £' = —£ (Fig. 4). In the case M^J) 
then d' = and then £' given by formula (fT2b . 




rf^ 



P' — —f 

'-a ~ '-a 



d' 



Vda 

V£n 



Figure 4: Signed distances and signed angle bisectors 



Let us denote ^i = cl(Ai)\{B,C}, jU2=cl(A2)\{A,C}, H3^cl{h)\{A,B}, 1x4= 
X4, Hs—Xs and /ig^Ag. Then |jf=iMi U {A,B,C} is a complete division of the plane 
of the triangle A ABC. Finally, analogously to Dergiades extension of the Erdos- 
MoRDELL inequality |3|, from previous theorems, an extension of Barrow's type 
inequality ( fT3]) is obtained by the following theorem. 

6 

Statement 4. For the point Mg M /i; the following inequality is true: 



i=\ 



Ra + Rb+Rc> 



Re 



£'- 



Re , VRa 



£i- 



Ra , VRb 



<■; (30) 



/Rb VRc J \VRa VRc J " \VRb VRa 

otherwise for points M = A, M = B, M = C following inequalities (1 14^ . (j 15p , (|16|) 
are Jrwe respectively. 
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